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t Response of a Non-Linear Device to Noise 25780
' ' ' (Nona)
Wiener, N. ‘
Massachusetts Inst, of Technology, Radiation Lab,, Cambridge R-128
Office of Scientmc Research and Development, NDRC, Div 14 (None)
April *42 Restr, U.s, Eng. ] diagr

The problem :s discuesed of a non-linear device connected in series with an admittance, and
with a random noise voltage impressed across the combination. The current-voltage function
of the non-linear device and the admittance were assuzned, and npprommata statistical in-
formation was obtained about the voltage across the non-lnear device. Z:plicit formulas
depending only on the current-voltage relation of the non-linear device and on the adniittance
are given for the moments of all orders, and for the Irequency spectrum of the voltage across
the device. The method of solution consisted of solving for the voltage across part of the
gircutt in terms of the entice voltag~ and then taking averages of the random voltages in

aceordance with hnown forroulas,

Copies of this report obtainable {rom Air Documents Division; Attn: MCIDYD

Electronics (3) Noise, I %nndom Analysx.. (66684);
Electronic Theory (12) _ Radar - Nolse elimination (77310)
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Radlation Iavorstory,

Responge of a Hon-Linear Device to Folae

Abgizract

A non-linear device R 1gs connscted in gerios *rAAth an
admittance Y{w) and a Tandom nuise voltoge v(t) {(0.g.,
arioing from thermal agitation) impressed acrogs the com-
bAnation. Assume that one knows (a) the current-voltage
function of B, and (b) the zdmittance Y(w), Then we can
obtain cpnroxinais statistlicsl information adout the voltage
v, (%) across th mnou~linear device: exnlicit formulas de-
nending only on (a) and (b) can be given for the moments
of all orders of vl(t). and eimilarly for its frequency
auectrum,
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ENSPUST OF A NON-LINRAR D¥VICE TO NOISE

Nortert Wisneor

i. Zomoa-linear device R ¢ connected i1 geries with an admittance

Y and ¢ vaafon noime voltage vit) (e.z., therral agltation) imprested

wt
T

acaves Ih. 20.3bkrellan

L
N

4

rendon voitege v(%)
Fig. 1

Agguns thet one Ynows
ig} the surrsnt.vcltage functlon of R
and

th) 4ae adm ttance Yw),

 Yhen ofw can obtain approximate statietical infoa*ﬁation about the voltage

'rl(t) acrrus the pon-linpar device: explicit ‘formmlas depending only on
‘&) ard ¥} cun be given for the woments of all crders of vlﬁ:)c and
alailerly for itp froquency epectrum.

[
~

2. Tasre are tws ideas involved. The first is to exprees vlit)
an $srmz 2 vit), adeumdng {a) and (b} known. The sacond )dea 18 then

o Gate ame #f the pendom nature of v{(t) tu get theo statistical information
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The Tiret ldea amploys an operator-aaries expansion for v;{t)/

and the sszoind employs kmown averaging proceanses on Brownlan fubctions.
. H

3. Iz ordor o meke mutters dofindte we shall asaume throughout

the sequel thai 4f the voltage acroes R 4s vl(t) the current through 1t
1e vy (2} C{vl{?..\)ao ‘

4. Lei ueé dunote by A{t) the indieclal admittance corresponding to

ey

the frogaency admittance Y(w). Ther it 1a vwell known that the current

throng: Tlw) &g
: roo ’ . :
5 At (t—f) (V'(?) - Vl(r)) dv. R ‘ 4

Since currenz tirough R = current through Yis),

+09

7y (8 + elm (81 j A (D) (v(E) - 1y () 2.

w00

Collacsing berwa $n vy (t)

1) v() 4 f(v,_(‘o:'))z +r At (£=2) %, (T) a'a*sj A (3-3) v(7) o7,
_ -0 T dee .
5. Fow we come to ths first basis step of the paper, that of
solving for 'vlit) in terms 02 v{t). To do this wn assunw’ that

-+ 0 0 00
(2) w(tln J{ Q; (%) v{T) aT « j wj‘;oqz(t"t“t“ra) v(ty) v(ty) iy 3T,
'lv” . - 123 - -

[ ‘-q-oo (et 9
+{ k
J o0 Jeou jmoo

Qs‘t“z:lnt'rzrt‘rs) v(tl) v(tz) V(‘Us) 01.'1 dﬁ’z dra + “".'5

B s

®in goasral ono wili also include a constent term Q,-
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1t 10 elenr 2he’ we suall have mocurs? the dasired sclution for vl(t)

a2 s00% ag wa heve Dound Q. Qp, Og, wer o

8. Tow aubatitute nxprossion (2) for v,(t) 4n Eq. {1). W¥e shall
then equate ilnoar past with linear part, quadratic part with quedratic

part, ote

7. Mras for the first-degree terms in Eq. (1), we have
e0

o (e A yag | oY o (e
@) J .1(._‘)v(z)az+j 2ot e [ o le3) v(e)

-0 w00 J-w

0
'J" A (4=7) v(T) aT.

© -
1t 48 clear thet (Z) will Do satiefled 17
o +00 : '
(42 Q (t-T) + ‘ At (t0) a7 Q) (5-T) = A" (3-T):
. Juco .
Suppose Qi-ia the Zourter t{ransform of 4y then reoslling that Y(w) is

the Fowriar trenaform of AV(%), 1.e.,

400

(5) qy (¢) -J 0 ) o &
-0

(8 A4 (8) -f Tw) ot a,
X -0

Eq. (4) iseds io
qlﬁo}(l + 27 Yw)) = Y.

Renico
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{7) : qliw} = Y@ + 2n Tl);
shareter dotermizing Q ik,

8. Zquaiing the second-dogree terms in Eg: (1) to vach other we

aave

X e
2) | Q14T 4Ty} v T iz,
{8) ) g Uplt-Ty. T,) vity) viTy) 4Ty a7y + 6(}

=0

oo bk GO (400
i -1 : X T .
+ 1 A {(t..u} de ! X 02(1: (A Tg, v(’,c’l) v(’C‘z) dz‘l :12‘2 w0
Joy Qw00 ) sl
Bg. 18} will hold 14
e
:E: Q,'?"\rll""‘:a\l o Q(T] r t‘a) ﬂ-{‘ A(‘J"C) 04‘3(?""51(’:'1'[2) ar.
. -o) .
Suzpoes
, +20 (400§ {40 TyHwaln)
{ 3 ’ - 7 . 1 1 2 2
0 ’22«.21,.772} - j.ao.(-w s : qz(wlr.we)dwl L

f.e.. ¢ {0, T.) 8 the double Fourier transform of qz("“lv‘”a)“‘ Recalling

EASR

Bge. (6 und (6}, Bq. {10) leads to

l;a(‘l)z;-ﬁg) “ g q:i {wl) ql(u-‘z) - 211 Y(Q\l'.wa) qz(ﬂil,\n‘z) = 0.

5 Gy

r+10 2
Q (1;»-‘;) vi{T) it

,ll;‘ LT } e JOTI. SUNRGUPR. SISSE L PN - IR
A L G-l
A -

Scte %hré g, toniaine the factor ¢, indicating the effect of the non-
iinoarlty of the devico R ‘ .
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2% 2w ) ot 3
et L ERagwy dplgeg )
] ) 'J t"r . ._l'.‘,:’.- !'I" KR ) . sty -—-—:-n--.-—n—....rn..
: < o 3l iml*w aﬁms!
2 2 T, Yl..) Yya )
2 ~ W 3° b3
B ee wmriw mee.f e [p— oy

FENIN (14207 2 {1420 Y (g ) ) (a2 w ))'1+anr(wlm2+w3) !

wheras the g, ¢ evs dsfined, in anrlgy with Bqgs, §5} aad (10). as multiple

fourier %ranafcruz 2f the Qn‘fz,;
n
. 1 130
(13' ;"‘1(?:1' - lr‘;“n) ” J .s-j e )] ‘”k k qn("”lr“"'wn) Ml *en %n',

. , .
Y¥cts that 1. contzdne 2¥.  Similarly U w11l eontain ¢8_., and e0 on,

Thuy 4aking higher pousrs of ¢ into accomt g aquivalent to going out

CZprthez iz the serion of ats; thie 18 tho characteristic feasure of

nertwhetion nethods.

id. A% -hic point we interpcse a formula which will ba needed soon.

TL 351-2490C3 @ pNSTURC af.qw. 0 even, in terma of an average of €yt

p ) B |

b ‘:;-r"':r o Tn,l ) &7, 2+ A%n
)ow .i».v;' »TETL .ﬁ’g 1 2
\% ]"W [+ ( )
» i::,‘ﬂ"- ! LA (] .’m'f."’fwﬂ'-mn &D s00 awn,
Joce J-aoqn 1 5 g 1 2

1. Egv. (%), {1). asd (12} 111 ue the first tureo terme of (3).
T athar wordi, w2 heve acccuplished {to three tearma) sur first dasic

task,. tasl of exprveesing \-1{t), the voltz;ga'aqrgau the nou-linsar dovice
R dn temu of Lme gdmittanos T(w) and the woltngoe v(v) anross the entire

alranit.
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12, o fzr we have said nothing about (%), but we sre now ready
19 nake wav of She fost $hat v(8) ia a random voltags. This will con-
#titute %he szoond gewn of the paper, ané will e accomplished by taking .
syarages 27T the randox 7voltages in nccordsnes with lmown formulss, In
thanpe formudas tha average 15 taken with respeot %0 the paranmeter a
vhich 4n gotng tram 0 t9 1 runp through all Brownian mo%ioms; x(t,a) is

a proparly noraad Srowvulun motion, whsse differential 1a a random voltage

‘and K(ﬁl.»' v, by} 48 n symmotric function of n variabless

1 r ot o frreo ’
(15) j da| B(byotoeyty) 0x(ty @) + o0 dx(t @) @ O 4f n 18 odd,
® R st '
(1 -‘:Nc ‘aeo ]
{18) Odc. € K{ey, wn‘,'fn) dx(t, @) oo dx(t )

oo -t
.0 tires

) +o0 +e0
a (n-1)n-Z5e 1 f [ Bty oty ibaatpersooty ty) dty oo &ty
3 tinoe ,

1f n is even,

13. Referring %o Eqg. (2), we 1n¢'1u1re as 1o the average of v, (1),
ve npply Zqe. {15) and (16) tc the Q‘ 8, then express the ralsult in terms
¢f %no q's by (04}, znd Tianally (Bgs. (7). (11), end (12)) expressing
the g'¢ in Serns of the a&mitt'ance Y{w) wo £ind thet the fir;t non-veni ah~
fng torn: of the average of vl(t) 1s

Hw YY) Y{ww) ™
w0 (14207 (0 1) (La2n i) (12T ()

{=

(3%) - 27 |
KIS
(3
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1. 3imilarly tho avercge of iv,(t))” 1
b

718) 2'.1J ) ql(w) ql(-w} dw

0
~

. o0 400 .
+ 4n° {EJ [ qz(ﬂ'-']_rwa) Qg("l’lo-wz) Gy By + f

) o moQ -00

: 2
Q2(wg"0)) ﬁ&‘}

™

2 o !“Q‘w A
q L?\' J H q"(wi) qS(tl'lfmanﬂnz) &»] du)z

mog J ~00

~ed ) =00

" : +0 rtod ;
4 o {6 [w[ f qs(ml,ma.pws) qs(vc\l,-wg.-cs) LN dwa dws

400 rpo0 rw
+ QJ j J QS(wlcmzu'ﬂ’a) qs('*”lawsg'wa) &Dl &[‘,2 &)8}4 omn
- Jmel Jred

‘C‘; 15. In the came way the higher moments cf vl(t) 2ay be computed.

Sc 2190 mey She moments of v(t) - v (t), the voltage asross Y(w}, de

computed .

1€, 'An average of much importance is that of w,(t)v, (t+¢); thie
everage is celled the nuto-rorrelation coefficlent, and 1ts Fourdler
tranaform gives the froquency distribution of the square of the voltage.

Tho auto-vorrelation cosfficient s the average of

oo

I; [ ( |'+c'J “-l—w A
] Yfe-vvim 4 - ) sz(t-tlg_t-Uz) v(7}) v{z,) &, AT, + }
L.)"” oc I : o
( [+ +05 (hoo ' .
. x{{ '?1**+V-’5) v(t) 47 + [ r qe(tw-'rl.ew-rz) v(z'1) v(z'z) 4z, a7, + } . !
Lt -e J =20 Jeco
. which $g equal %» :
iv
L 3
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s +oo 02
{19} BYfJ 1l {w? q- {atn) :‘flw do + 4772 [ dml j duza qz(ml,'-wl) qa(wzvuwz)
~a - - ” =00 -0
-~ [N ‘n‘.np .ic { ) .
R > ' A pev " wl‘wz LX)
+ 8“ }ow “"J‘, J - &»2 qz(u’lwwg Qz(dj.\l;,‘ »2) K] + o

Since vbe se~cnd Yerm does mot contain o, it 18 'a constant, reprassnting

‘& DC compraset.  The ihird term is oqual to -

I3

2 [T i«; o rPpoo = L
e X o™ J‘_oqa(wewl) "12(“‘”1“’1"”) dlpla

e OO

Thus %o iho fraquency apesirum
2 y )
Y ql(wl ql(-w
pregeni with no ronstifiention 4,0,, €= "0)r thers hae dbeen v.add'ed

2 (Y |
B J_w ey ,,w«ul) qz(-wluml-w? &,
P .

. 37, Cri%icue. 'The méthod abore, of first solving far the veltags
a';::'aoc nar, ¢f the etrceull in terms of the entire \,"t)l‘ta.‘gz;eo and then getting
ntatistical a.va:.‘ageec ig =learly qnite gons:‘z;.l;' The par%icular'a,ppiicg-
tion of this moihad g&voh here has two woalmensas, hawever:

1l vhe cﬁrranhm-voltage relation o}f R i8 over-sinplified,
{{~J 1n owvery practizal case a fiiter of finite band-wldth precedes
fho resi fist.adumibtanze corbination of Plg. 1, The problam ia whiek

(1) upé 2%) heve bacn taken into acccunt can, and should be, sei up and

stlved,
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The problem is diacussed of a pon-linear device connected in series with an admitiance, and

with 2 random nolae voltage impressed across the combination. The currcnt-voluge function

of the noo-linear device and the admittance were d, and ap| tical in- .

formation was obtained about the voltage across the non-linear uvlce Explicit formulas !
only on the current-yoltage relation of the non-linear device and on the sdmittance i

are given for the moments of all orders, and for the frequency spectrum of the voltage aeross

the device. The method of solution consisted of solving for the voltage across part of the

eircuit in terms of the entire voltage, and then taking averages of the random voltages in «

accordance with known formulas,
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